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1 Introduction

An effective field theory of coincident membranes with N' = 8 superconformal symmetry in
142 dimensions is proposed by Bagger, Lambert, and Gustavsson (BLG) based on three-
algebra [1-3]. Aharony, Bergman, Jafferis and Maldacena (ABJM) proposed an N' = 6
superconformal Chern-Simons-matter theory with a tunable coupling constant A = N/k
by generalizing the BLG theory to incorporate U(N) x U(N)_j symmetry group — which
coincides with the special case of [4, 5] — and argued that their model at the 't Hooft limit
is dual to type ITA superstring theory on the AdS, x CP? background [6, 7].



The ITA on AdS,; x CP? is less supersymmetric than the IIB on AdSs x S°, which was
conjectured to be dual to N/ = 4 super Yang-Mills in 143 dimensions [8]. Integrability
has provided us a powerful tool to study the AdS;/CFT, correspondence, and a matter of
central concern is whether and how similar techniques are applied to the AdS;/CFTj case.

Despite huge and rapid progress on this subject, no conclusive answer has been given.
Looking on the positive side, one finds the integrability of two-loop Hamiltonian in ABJM
model [9-12], classical integrability of superstring action (except for a subtle issue concern-
ing strings in AdS,) [13-15],! and the proposal of all-loop Bethe Ansatz [20-23], which
is consistent with near-plane wave limit of string theory [24-28]. On the negative side,
one finds disagreement between the one-loop energy of folded or circular string, and the
proposed Bethe Ansatz [29-33].

More data, especially the examples that are not found in AdSs x S® case, are necessary
to refine our understanding of the AdS,/CFT3 duality and its integrability [34-42]. A good
starting point will be to reconsider the correspondence between magnons in the asymptotic
spin chain and giant magnon solutions on the decompactified worldsheet [25, 43-45], as
one could expect nice examples of the duality owing to the su(2]2) symmetry.

The description by algebraic curve tells us the classical string spectrum and its dis-
persion in a simple way [46, 47]. Yet, to obtain further information such as (semiclassical)
quantization and scattering [48-52],2 it is useful to construct an explicit profile of the
corresponding string solution.

The aim of this paper is to construct the explicit profile of classical strings on which only
the existence and the dispersion have been known so far by means of algebraic curve. The
relationship between a string solution and an algebraic curve is not explicit in general, so
we have to construct the classical string solution from scratch. This sort of problem is quite
difficult in general, due to the nonlinearity of differential equations. Here the integrability
helps. In particular, the dressing method enables us to construct soliton solutions of
integrable classical sigma models by means of linear algebra. The dressing method was
developed in [55-59]. Application to Grassmannian sigma models including CP" cases was
intensively studied in [60-62]. This method has also been applied to Ry x S° sigma model
successfully in [63, 64] to construct an explicit profile of multi giant magnon solutions.

Unfortunately, it is not guaranteed that the dressing method exhausts all solutions. In
the dressing method, one chooses the vacuum solution and a particular embedding of CPY
into SU(V) principal chiral model for some N. As is found by [63, 64], there are some
solutions which can be obtained in one embedding, but cannot in another embedding.

In our case, we can obtain solutions with residual SU(2) symmetry which carries only
two nonvanishing components of angular momenta. However, we do not find a single
“small” dyonic solution [47], the one living on the CP? subspace, and smoothly connected
to CP! giant magnons. We need to refine the dressing method to construct CP? dyonic
giant magnons.

The pure spinor action for AdSs x CP? is constructed in [16-18], which remains superconformal at
quantum level as in the AdSs x S® case [19].
2There are proposals to perform quantization in the language of algebraic curve [53, 54].



The paper is organized as follows. We explain some preliminaries in section 2. In sec-
tion 3 we construct the solutions by dressing SU(4)/U(3) model and discuss the limitations
of our approach. Section 4 is for summary and discussions. In appendix A, we discuss how
to relate the string motion with some sine-Gordon fields by means of Pohlmeyer-Lund-
Regge reduction. We briefly comment on the dressing of SO(6)/U(3) model in appendix B.

Note added. While the paper is in preparation, we find the paper [65, 66] on arXiv,
which has an overlap with our result. Their results seem to be equivalent to (3.32).

2 Sigma model on CP?

2.1 Action in conformal gauge

We consider a classical o-model on R x CP?, particularly the one obtained by large k limit
of S7/Z;,. When the Z; action becomes gauging of S!, we obtain the CP? space. We set
the radius of S” to unity, and introduce an embedding S7 ¢ C*. The coordinates on C*
can be identified as the homogeneous coordinates of the CP?, normalized as

4
> Ziz=1 (2.1)
i=1

Since the CP? space has local scale invariance, we must identify two points z; and ¢z; with
¢ € C. The condition (2.1) partially fixes a gauge, and the residual symmetry is U(1).

The o-model action in conformal gauge compatible with (2.1) is given by

1
S = —2h/d2a [yaﬁ{—z (Dat) (95t) + (Dazi)TDgzi} A <]z,~]2 - 1)] , (2.2)
where h is the string tension,® A a Lagrange multiplier. The worldsheet metric is 477 =
—v99 = —1, 797 =~77 = 0. Covariant derivatives acts on fields as
Do X = 0, X —iALX, Do X = 0, X +iA,X. (2.3)

Path integral of A, and A gives,

1 0.z — 2: 0.2
A, = GZZZZ?’ 0%) iz 00 (2.4)
171

The equations of motion are?

0= Dizi + ’DaZj‘Q Zi, (2.6)

ShN) = A2+ -+ for A> 1.

4If one expands the covariant the derivative, one finds

D2z = 822 — 2iA%00zi — i(DaA®)zi — Alz; |Dazi|> = |0az;|” — AZ. (2.5)



and Virasoro constraints,

2
K
il 1Dozil> + |Drzil* = |05zil” + 0r2i]% — (A2 + A2), (2.7)
0 = Re {(Dgzi)Jr DTzZ-} =Re{0,z; 0r2z} — A-Ar, (2.8)
for ¢ = k7. Any solution of the equations of motion and Virasoro constraints on

CP™ (m < 3) subspace can be lifted to a solution of CP? [67].
In general, the U(1) field strength is not zero:

Faﬁ = aaAg — 8514& = —1 (8@22‘ Onzi — agzi 80:22‘) # 0, (2.9)

and therefore one cannot achieve A, = A, = 0 by any gauge transformation.
The conserved charges are defined by

E = h/da (0:t), Jom = 4h/do* Im (2 Drzp,) . (2.10)

They satisfy ), Jpr = 0. We use the notation J, = Jy, when the off-diagonal components
of Jy, are zero. This is indeed the case regarding all solutions discussed below.

2.2 Coset embedding

The CP? sigma model can be embedded into SU(N) principal chiral models in several
ways. We have to choose one embedding to apply the dressing method. The simplest is the
embedding CP? C SU(4). Let 6 be an involution of SL(4) given by 6 = diag (1, -1, =1, —1),
and CP? is characterized by

SU(4)

P = 510@) x U

={g€SUM4)| 0gbg =14}, (2.11)

where 1y is an N x N identity matrix. Equivalently, elements of CP? can be written as
geCPP CcSUM4) += g=0(14—2P), with P=P* P =P (2.12)

Suppose that the projector P has rank one whose image is spanned by z =
(z1,.. .,zN+1)T. We identify this vector z with the homogeneous coordinates of cpN
normalized to 2Tz = 1. The projector is written as

Pz'j =2 %5, (213)

which is manifestly gauge-invariant. From this explicit relation, one can rewrite the Ry x
CPY action as [68]°

S = 2h/d20 {_i (Bat)? + %tr [(aapf] +A(P? - P)} . (2.14)

The equation of motion is
[92P,P] =0, (2.15)

SThere is an identity [(Da2)!(Dyz) + (Dy2)'(Daz)] = tr[0aP 9sP] = — 1 tr [ja j)-



and Virasoro constraints are

2
tr {(@[P)Q} = %, for t=kr, (2.16)

where we introduced light-cone coordinates by 1 = o™ +0~, c =0T — 0.

We may rewrite the equation of motion as 9* [J, P, P] = 0; this is the conservation law
for the currents

ja=g 009 =-2[0,P,P] =2 [z (Da2)! — (Dy2) ZT] , (2.17)
lo=—agg ' = —20[0,P, Pl =20 [z (Daz)T = (Da2) zq 6. (2.18)

They define the conserved charges as,
Jom = ih/da (37 )om = —Qih/do— [0;P, P,,, = 4h/d0 Im (2 D7 zp,) . (2.19)

The CP? model can also be embedded into the SU(6) principal chiral model, through
SO(6) € SU(6) and

CP3 ~ %ﬁg) — {g€S0(6)| KgKg=—1g}, (2.20)

where K is an antisymmetric involution of SL(6). An explicit description of (2.20) is given
n [13]. They found

6
- . .Y
g=e¥ =14sinpY + (1 —cosp)Y?, Y=—, pzzz%z. (2.21)
P i=1
where
0 0 y1 ¥ ¥3 % 010000
0 0 Y2 —vy1ys—Yys3 —-10 0000
—Y1 — 1
y — y1 —y2 0 0 ys5 ws K- 000 00 (2.92)
—y2 y1 0 0 v —ys 00-10 00
—y3 —ys —ys —ys 0 0 0000O0O0T1
Y1 Y3 —ye Y5 0 O 000O0-10

The coordinates g; = y;/p are related to the normalized homogeneous coordinates on CcP3
as follows:

(21,22, 23, 24) = (sinp (g1 + iY2) ,sin p (Y3 + iY4) ,sin p (g5 + i¥s) ,cos p ) . (2.23)

Finally, there is an embedding RP3 ~ SU(2) x SU(2)  SU(4), defined by

. _ 4
(20} ova A ) () 2 () SEP=1 (224)
0 g2 —iz2 Z1 22 Z3 =



2.3 Examples of spectrum in the decompactification limit

Soliton-like solutions on the CP? sigma model can be found in the decompactification limit.
In conformal gauge, this limit can be achieved by rescaling the worldsheet coordinates by
(7,6) = (ur,po) with p — oo. Below we will discuss examples of the classical strings
which obey the boundary condition

12 =3 it+ipe () e 2.95
(2.2.2) o e 00), p=ti (225)

as ¢ — +o00. See [67] for a thorough discussion.

2.3.1 Pointlike strings

The simplest solution is the pointlike string, or the geodesic in CP?3, given by

1 . 1 .
t=wr, (21,29,23,24) = —6“07/2,0,0,—62“”—/2), 2.26
Grmna) = (5 = (2.26)

whose conserved charges are
E = J1 = —J4 = h27w. (2.27)

Note that the profile t = wr, (21, 22, 23, 24) = (e’””, 0,0, 0) is a solution but meaningless,
because the Virasoro constraints imposes w = 0.

From the viewpoint of AdS/CFT, the pointlike string should correspond to the BPS
states of the ABJM model,

O=tr [1f1(y1)fxf1(yg)f...}. (2.28)

If J;, and Jy are the numbers of Y7, Yy, the conformal dimension of (2.28) satisfies

S

A :
2

(2.29)

in agreement with (2.27). We can consider magnon excitations over the BPS vacuum. In
the case of SU(2) x SU(2) sector, they are given by the replacement

Y - YZor Y3, (V)T — (V3)' or (Y3)T. (2.30)

2.3.2 Recycling solutions of R, x S?

Any classical string solution on S® can be mapped to a solution on RP3. Let (ts,&1,&2) be

a classical string solution on Ry x S$? with [£;]* + |£|* = 1. Then the ansatz
1

V2

is a consistent solution of Ry x RP3. The boundary condition (2.25) is translated into

(51752 753 75?) ) (231)

t=2tg, (21,22, 23,24) =

(&1,62) — <6Xp [its + %] ,0> , p= 1% as 0 — £oo. (2.32)



If & is real, we can easily generalize the ansatz (2.31) by using the SU(2) symmetry acting
on (z2,23) [34, 37].

From strings living on Ry x S2, there are two ways to construct a consistent solution
of Ry x CP?. One is to use the isomorphism CP' ~ S2, and the other is to use the
ansatz (2.31). Roughly said, the energy of the CP! (“small”) solution is just a half of the
RP? (“big”) solution.

2.3.3 Giant magnons

The profile of RP? dyonic giant magnons in conformal gauge is given by

1 1
t=24/1+u27, zlzzZ:E&, z2:z§:E£2, (2.33)

where [69, 70]
sinh(X —iw) 4, (W)X +iur T cos(w)
= n 5 = 5 2.34
&1 cosh(X) 2 cosh(X) ‘ (2:34)
F — 05 5 — oF ¢ 1
T(r,0) = i X(T,a)zaim v:M, u? —ui = —— .(2.35)

V1—02’ V1—02’ uy 27 cos?w

The boundary conditions (2.32) are satisfied if p = 7 — 2w. The conserved charges are

given by
tan?(w
E = 4hw (1 - u%( )> K(1), (2.36)
tan2
Ji = —Jy = dhuy [(1 - anu2(°")> K(1) — cos2(w)] , (2.37)
1
Jo = —J3 = 4huy cos*(w), (2.38)

where K(1) is a divergent constant. They satisfy the relation

h=Ji (=5 s o (P
B - _\/< 5 >+16h()\)sm <§> (2.39)

It is interesting to consider semiclassical quantization of the RP? dyonic giant magnons
following [69]. If we observe the motion of the string (2.33) in the moving frame
(21,29, 23,24) = (21 e MI2 2o 24,24 eit/2), it becomes periodic with respect to 7 when w = 0,
or p = m. This period measured by the AdS time ¢ is 7 = 4w coth £, with ¢ defined by
sinh 2 = gy cos(w). Then, the Bohr-Sommerfeld condition tells that the action variable

1 Ji—J
Iz—jéTd(E— ! 4> = Jy—Js, (2.40)
27 2 —

is an integer.
Next, we consider CP! giant magnon. We define polar coordinates on CP' by

9 9
21,20 ,23,24) = sin—e“i)/2,0,0,cos—67“;5/2 . 2.41
2 2



The CP! giant magnon is given by

cos b = M , ei¢ - M eiX tan(w)+iTu L u= 1
COSh(X) smh(X + ZW)

(2.42)

We can rewrite the solution in terms of CP' homogeneous coordinates. Such expressions
are not unique due to the U(1) degree of freedom. If we look for the solution with Ax = 0,

we obtain
. . X* X .
‘ T+ X sinw ’ L Slnh( 2“") eit/Q, - cosh( Jg“") e_it/Q, (2.43)
COs w cosh(X) cosh(X)
with z9 = 23 = 0. The U(1) gauge fields defined in (2.4) are given by
Ax =0, Ap———"1 (2.44)
T T 2cosh X '

which is in fact the Lorenz gauge 0% A, = 0. The Lagrangian density is related to the kink
solution of sine-Gordon model by Pohlmeyer-Lund-Regge reduction [71, 72]

2

—4|DQZZ|2:1—M

(2.45)

We must set v = sinw in (2.43) to obtain ¢ = 7. The boundary condition (2.25) gives
p =m/2 —w. The conserved charges satisfy the dispersion relation

N
2

E

= 2h|cosw| = 2h |sinp| . (2.46)

3 Dressing method

We review the paper of Sasaki [60], where he constructed solitons on the CP¥ sigma model
by dressing SU(N + 1)/U(N), and make a comment on the case of other embeddings.

3.1 Dressing SU(N + 1)/U(N)

We begin with rewriting the equation of motion and the Bianchi identity in terms of a Lax
pair, as

Oz{m_jmwl}w:{m_QﬂmRPw}%

14+ 1+
_ o_gg '\, 20[0_P, P60
0_{6_‘1—A}w_{8_"_T?7_}¢' (3.1)

When A\ = 0, they are solved by



The relation j, = 64,6 imposes an additional constraint on ()). If we rewrite (3.1) as®

0= g_1 {@[ — M} g (g_lﬂ))

1+ A
-1
_ 9 (9x9) | 1
- {ai+ 1£1/A }g ¥
DD PN 2 ) I P
we find inversion symmetry
Y(A) = g0p(1/A)6. (3-3)

The unitarity condition on 9 (A) follows from (3.1), as

[M)] () =1y (3.4)

The right multiplication v — ¢ U with a constant unitary matrix U leaves the system of
equations (3.1) invariant. We can fix this ambiguity by ¥(A = 00) = 1y41.

A classical solution of the CP model is a map from worldsheet to CPY subject to
certain constraints. Since its image lies within SU(N + 1), all solutions are related by some
unitary transformations. We assume that solutions are meromorphic functions of A, and
try to extend the unitary transformation over the complex A plane. The dressing method
provides us a simple way to construct such transformation matrices.

Let ¢ be the simplest solution of (3.1), (3.3), (3.4), and ¥ = 1 be another solution.
We call x the dressing matrix. If x is not a constant matrix, then 1;()\ = 0) = g becomes
a new solution of the CPY model.

The dressing matrix for the CP" sigma model has been constructed explicitly in [60]
for the case of Euclidean worldsheet. The dressing matrix for Minkowski worldsheet can
be obtained by replacing (A1, 5\1) with (A, —5\1) in the Euclidean result, because the light-
cone coordinates are not complex conjugate with each other in the Minkowski case.

Let 1) be the vacuum solution of (3.1). We introduce variables g and h by

P A=0)=¢g=6(1-2P), Oh = p(a® \)u, (3.5)

7

where v is a constant vector which parameterizes the dressed solution.” The dressing

matrix of [60], modified for our case is given by

Q1 Q2
=1 3.6
)\1 5\1
= _ OhBh'O + ——— gh~hTe 3.7
1 1 A\
(= __ ghBhtgt + — 2L op~RTgT 3.8
Q2 A( vy LU e ww LA B (3.8)

5The derivative, i.e. the first term in the bracket, acts on anything that follows.
"Is is possible to generalize u into a constant, rectangular matrix following [58, 59].



where A, 3,7 are real numbers defined by

A=A A 3 =hth, ~=htogh. (3.9)
Or— 22 (1—na)2) ’

Since the dressed solution § = x(0)g satisfies (§)? = 1 and §g' = 1, we can introduce the
dressed projector by g = (1 — 2]5). The dressed projector takes the form

i{)\lhﬁfﬁ(l —2P) — A (1 — 2P)hBh

C2A M=\
(1 — 2P)hyht(1 — 2P) — M A hyht
_ , 3.10
* 1— )\1)\1 ( )
and its image, PZ = Z, is given by
.1 A3 g \/ 2 2y 2
= hh! = - _ _ A, = ———— |hT2|".
z Az<az+ z>, el )\1_)\1+1_)\1)\1, || +1_)\1)\1| 2|

(3.11)

The last expression gives us the dressed solution in terms of the normalized homogeneous
coordinates of CPY .

3.2 Dressed solution on CP?

Let us concentrate on the CP3 case. We choose vacuum as the following BPS solution:®

ei7/2 0 0 0 —eiT
1 0 0 -1 0 0
t=r, 7= — , g= (3.12)
V2 0 0 0 -1 0
e~i/? e 0 0 0
We parametrize the initial vectors v and h by
et cos p1 cos pa —evatiB(M1) cog p1 5in po
e™2 sin py cos ps e™2 sin py cos p3
w=pu | oy RO =, g e LD : (3.13)
e'”3 sin p1 sin p3 e's sin p1 sin p3
eVt cos py sin pa —e1=1E(M) cos py cos po
S(hoto) = L4 T (3.14)
ocr,o ) = — .
T I+X  1-X

This parametrization (3.13) can be simplified. Multiplication by a complex constant u —
cu does not modify the dressing matrix; we set p, = 1, 1 + v4 = 0. Two real degrees of
freedom of u go away by constant shifts of o*. Let ¥ be the displacement of (A1, 0, 07)
after such shifts. The translation (14 ,v4) — (v1 — 0v,v4 + dv) can be cancelled by the
real part of ¥p, and a particular combination of shifts on p,p2, py is cancelled by the
imaginary part; we may set v = vy — v = 0 and pg = 7/4.

8Below we shall use (7, 0) in place of (7,5) = (ut, uo).

,10,



Under a global SU(4) rotation, the vectors z, h,0gh behave in the same manner:
z — 0z, h— Oh, 6Ogh— Obgh, 6g— 00g0", 0O eSU®4), (3.15)

which leaves § and ~ invariant. It has an U(2) subgroup which acts trivially on z given
in (3.12). We use this symmetry to fix o = v3 = 0 and p3 = 0. Thus, the dressed solution
on CP? is reduced to the one on CP?.

With the new parametrization, u becomes

. , T
—iv/2 )2 .
- (Tﬂ 0 Tﬂ) | (5.16)
and (8, v become
B=h'h =sin?p; 4 cos? p; cos (M) —2(M)], (3.17)
v = h'0gh = sin’ p; — cos? p; cos [EM)+2(N\) —T+v], (3.18)

where we take care of v-dependence for a later purpose.? If we rewrite the spectral param-
eters as \p = e(P1T9/2 and \ = e(_i’H‘q)/Q, the worldsheet coordinate ¥(\;) becomes

T — VO g — UT

1
Y(AM)==(r—Tcosa—1i1Xsina), T=— X=—m, 3.19
A =3 ) e XTme B
where _
A £ —i (A1 — A in (&
v = _)\1 AL cos (3) , tana = 2_( 1= N) = S_m (3) . (3.20)
MM +1  cosh (%) M —1 sinh (%)
3.2.1 The solution
The dressed solution is given by
B eiT/2 ) eX sina}\l +e X sina}\l e~y cosa (GQiTu cosa )\15\1)
21 = cos”™ p1 | — = + =
2V2A, A — M A —1
B 2sin? 1 ()\% — 1) A (3.21)
A =AM —1) '
. sin2py Xsina — i1}, cos
Zg = — oA, cosh< 5 > , (3.22)
z3 = 0, (3.23)
B efi7/2 ) e—X sinc\z)\1 + eX sina}\l e~ 1Ty cosa (1 + 2Ty COSOé)\lj\l)
24 = cos™ p1 | — = + =
2V2A, A — M A —1
B 2sin? 1 ()\% — 1) A (3.24)
A =AM —=1) | '

See (3.38) and below.

— 11 —



1/2
A~ sin? p; — cos? py cos(T), cos a) 2 B sin? p; + cos? p; cosh(X sin a) 2 /
S M A — 1 A — A ’

(3.25)

where T, cos @ = T cos a — v. They satisfy the boundary conditions

iem? [\ +1/2 ie /2 () +1/2
2 — < > , 2o, Z3 — 0, Z4 — ( ) , (00— +00).

V2 V2 \M
(3.26)
in complete agreement with (2.25). There is a symmetry
1 1 - 1 1 -
= — ) = —5, (M N t =0 ol —.,— | =22 (A, A 3.27
Z1<)\1,)\1> 24(1, 1) at T ) 2’2<)\1,)\1> 22(17 1)7 ( )

which looks similar to the inversion symmetry of quasi-momenta discussed in [46]. The
gauge fields and the Lagrangian density are given by

- cos? py cos (5) cosh (4) ( Cx.4 sin(T, cos ) _ Cr sinh(Xsina) (3.28)
T Rz oshg o) \ sm(Beosh(5) | eos(@emn(p) )

_ cos® pa cos (§) cosh () (Cﬂ S X stna) _ Qo Sl oo a)> (3.20)

7 2A2(coshq — cosp) sinh (£) cosh () sin (§) cos (§)

1

Dyz|? = —
[Daz] 32A% (cosh ¢ — cos p) 8

2
C
(%) <2 sin* p; — 6.cos? p; COSQ(TV cos ) + C§(7_ +

C§<,+ sinh? (%) )

sin (& sin? (2)
2
Cr ) ) C2  sin? (2)
+ <5m§w> <2 sin? p; — 6 cos? p; cosh?(X sina) + C%7+ + TsmT(%)Q ,
(3.30)

where
Cr,+ = cos(T), cos o) cos? p1 £ sin® py , Cx + = cosh(X sin @) cos? p1 £ sin? p; . (3.31)

They satisfy Lorenz gauge condition %A, = 0. As discussed in appendix A, the ex-
pressions (3.28)—(3.30) defines breather-like solutions of SU(3)/U(2) symmetric space sine-
Gordon model, as shown in figure 1.

Since the gauge fields are odd under parity transformation (X,7,) — (=X, —1),), they
do not contribute to the conserved charge (2.10). The conserved charges are evaluated as

J—J h 1 -1
E-2 2 ypsinPeosh L = <)\1———>\1+—>, T+ =Jo=J3 =0, (3.32)

2 2 2 ; A1 A
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Figure 1. Lagrangian density L = |Daz|* for py = 0.9, A1 = exp (0.6i +0.05). This figure
describes a breather-like solution of SU(3)/U(2) symmetric space sine-Gordon model.

which are independent of p;. On the Chern-Simons side, these modes should correspond
to excitations like

Yivgh — Y, v2(v)f, v3(v)h, viyp)l (3.33)
Let us rewrite the dispersion relation (3.32) as
E - Ji ; S \/n2 + 16h2 sin? g : n = 4hsin g sinhg . (3.34)

By repeating the argument we did in (2.40), one can show that n is an action variable
semiclassically quantized to integer. This situation is same as that of breather-like giant
magnon solutions discussed in [45], so let us recall what we have learned in the AdSs x S°
case. In the paper [45], they rewrote the energy of a breather-like solution as the energy
of a pair of elementary solutions, as

A
2h/ sin% + 2h' sin % = \/n’2 + 16h'? sin® g . n' =41 sinz—;sinhg , W= \2/—; , (3.35)
with p1 = p+iq, ps = p —iq, and n’ an action variable. This relation suggests that the
semiclassical S-matrix should have single poles (or zeroes) at
- !
b1 b2 m /
cos <5) — cos (5) =~ (n' € Z>1). (3.36)
However, the full quantum theory of AdSs x S° string predicts the existence of double
poles at

) —ulps) = - (' eZor),  up) = ——coty/1+an2sin2l, (3.37)
p1 P2 on >1) p) = o B 97 .

where the branch of square root is carefully chosen [73-75]. From this lesson, we may think
of (3.34) as giving the mean density of poles or zeroes (but not their exact location) for
the S-matrix of AdSy x CP? string theory.!?

0The author acknowledges to the referee of JHEP a cautious remark on this point.
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3.2.2 Taking limits

The dressed solution contains three real parameters Re A\;,Im A; and p;. The dressing
matrix always becomes trivial in the limit Im A\;y — 0, or p; — 7/2. So we concentrate on
two other interesting limits, |A;| — 1 and p; — 0.

As can be seen from (3.7) and (3.8), the limit |\;| — 1, or equivalently ¢ — 0, forces
the dressing matrix to be trivial unless v = 0. Hence we send |A1| to 1 under the constraint
v = 0, as explained below. First, we see from (3.18) that if ¢ = 0, the condition v = 0 is
equivalent to

v = sin? p; — cos? p; cos (T, cosa) = sin? p; — cos? p; cosv = 0. (3.38)

We assume |p;| < 7/4 so that this equation has solutions with real v. Second, we expand
the numerator of possibly divergent terms around ¢ = 0. This can be done by using

v = arccos (tan2 p1) + qdv + O(¢?), (3.39)

2
—iT, cos o ( COS(2P1) B Z) 1 . T ) O 2 3.40
‘ - T | ‘1q<2sin§‘ vJroaf. e

We can set év = 0 by an appropriate shift of T'.
There is no difficulty in taking the limit p; — 0, and the CP? solution reduces to that
of CP!.

(1) CP! limit. When p; = 0, the dressed solution becomes

ir/2 [ Xsinay —Xsina) —iTycosa (p2iTy cosar 4 AL\
5= © € 1te L G 1A1) . (3.41)
2v2 A, AL — A1 M —1
—ir/2 [ _—Xsina Xsina'y —iTy cosa (1 2iTy cosary - )
5= e )\1—|—7€ )\1+6 ( te 1A1) ’ (3.42)
2v2 A, AL — M AMAp —1

2 . 21 /2
cos(T, cosa) \* [ cosh(X sin ax) (3.43)
5\1)\1 -1 )\1 — 5\1 ’ '
with Zy = Z3 = 0. They satisfy z; = (24)*.

If we drop all T, -dependent terms in the solution (3.41)—(3.42) by hand (rather than
taking a limit) and set |A;| = 1, we obtain

_ sinh <@)

1T
cosh < # >

A, = {)\15\1

~ ~ cosh (X + %)
“4 cosh (X — %)

=€

v
) Zoo=1-p, (3.44)

’7'[' ~
T = — X: —_—
TETYY 1 2

which coincides with the profile of CP! giant magnons given in (2.43) with w = @.1!

Although both solutions, (3.41)-(3.43) and (2.43), have the pole at the same position
A = A1, A on the unit circle, the former carries twice as large charges as the latter.

"The relation between w and p is actually incorrect, so (3.44) is not a consistent solution. This is because

the coordinate X of (3.44) is boosted by v = cos £, while X in (2.43) is by v = sinw.
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(2) The limit |[A1] — 1. We carefully take the limit |A\;| — 1 for general values of p; as
described above. The string profile becomes

. eiT/2 [ 9 <eX)\1 + e_XS\1>
7 = —cos’pp | ———————

2V2 A, A=A
, 2T , A+ M
9 1 _ _ gin? _ 3.45
+i4/ cos( p1)< —1—)\1_)\1) sin p1<)\1_)\1> ) (3.45)
. X X
3y = —i}%ii [cosh <§> + i4/cos(2p;1) sinh <5>} , (3.46)
z3 = 0, (3.47)
. e—iT/2 ol (e_X)\l +6X5\1>
' 5V, SRRV
, 2T , A+ M
_ 2 1— _ ) — sin? _ 3.48
iv/cos(2p1) < N )\1> sin” py (M — )\1> ; (3.48)
4 , 1/2
A, = {m [(cos2 p1 cosh X + sin? pl) + cos 2py TZ} } . (3.49)

The gauge fields and the Lagrangian density are given by

cos(2p1)

A=l (3) A2

T sinh(X) cos?(p1) + cos (g) (cosh(X) cos*(p1) + sin2(p1))] ,
(3.50)

~y/cos(2p1)
7 4sin® (B) A2

T sinh(X) cos?(py ) cos <g> + cosh(X) cos?(p1) + sin2(p1)] ,

(3.51)

|Dgz)? T cos?(2p1) — 6T cos(2p1) (cos®(p1) cosh?(X) — sin4(p1))

z

~ 64sin? (%) A4

+ (cos?(p1) cosh(X) — 3sin®(py)) (cosh(X) cos®(p1) + sinz(pl))?’] .
(3.52)

They satisfy the Lorenz gauge condition, 3*A, = 0. Note that the gauge fields are even
under parity transformation.

Since the gauge fields are proportional to \/m, the parameter p; must take
values in between [—7/4,7/4], as is expected from the condition (3.38). When p; = +7/4,
they become equivalent to the RP? giant magnon solutions (2.33), after rescaling of (7, ).
In terms of the reduced sine-Gordon system, it says that the breather of a sine-Gordon

model (p; = 0) is continuously connected to the kink of another sine-Gordon model (p; =

T/4, [A] =1).
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3.3 Comments on other embeddings

As noticed in [63, 64], the dressings of different coset spaces give us different soliton so-
lutions. For the present case, the RP? dyonic giant magnons can be easily obtained by

dressing SU(2) x SU(2). The dressing of the BPS vacuum on SU(4)/U(3) with rank one
projector cannot reproduce such solutions.'?

We may consider dressing the SO(6)/U(3) model instead of SU(4)/U(3). As discussed
in appendix B, however, it turns out that the dressing matrix becomes trivial when the
spectral parameters approach the unit circle. We are unable to construct “dyonic giant

magnons” on CP? neither in this way.

4 Summary and discussion

In this paper, we consider the classical string spectrum of Ry x CP? sigma model in the
decompactification limit. We constructed a family of giant magnon solutions with SU(2)
symmetry by means of the dressing method on SU(4)/U(3). All such solutions obey the
same square-root type dispersion relation which is, at least naively, expected from the BPS
relation of the centrally extended psu(2|2) symmetry.

The new solutions are neutral with respect to the global charges of psu(2[2), and
thus they could be non-BPS boundstates which receive quantum corrections. It is known
that there are no non-BPS boundstates in the AdSs x S° case, in the sense that neutral
states are equivalent to a composite of two oppositely-charged dyonic giant magnons [63].
Since different boundstate spectrum should lead to different singularity structure of the
worldsheet S-matrix [75, 76], it is interesting to determine whether our solutions are BPS
or not.

There remains a problem to construct an explicit profile of dyonic giant magnon so-
lutions. We expect to find ways to construct such soliton solutions with the help of clas-
sical integrability. Omne direction is to study the reduced sine-Gordon system discussed
in appendix A. Another direction is to study in detail classical membrane spectrum in
AdSy x S7/7Z;, for general k, and carefully take the limit & — oo limit [77-80]. We hope to
revisit such problems in future.
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A Pohlmeyer reduction on CPY

We revisit the reduction problem of classical strings on Rgx CPY. Tt is known that equations
of motion on CPY ~ SU(N 4 1)/U(N) can equivalently be rewritten as symmetric space

2The term “rank” refers to the rank of constant vector u. See footnote 7.
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sine-Gordon equations [81-86]. We would like to clarify an explicit relation between the
CPV coordinates and the sine-Gordon fields in order to relate the solutions of two theories.
They will also help us to construct new solutions of the CPY sigma model as in (69, 70].

The reduction procedure goes parallel with the R x SV case done by Pohlmeyer,
which can be outlined as follows. One chooses a U(1)-invariant, orthonormal basis of the
tangent space of CV*1, say {t'!,..., 7N}, Then one differentiate the basis vectors. The
result can be expanded by the basis itself as 9,0* = M, - 7*. The compatibility condition
(DoDg — DgDy) v k— —iF,37 k gives differential equations for the matrix elements of M,,.
One can recast them into sine-Gordon like equations through appropriate parametrization
of M,,.

A.1 Constraints and identities

Let us define light-cone coordinates by 0+ = 0, £ d,. The energy-momentum conservation

becomes 04T = 0_T; = 0, and we can rewrite Virasoro constraints as
1 2 2
1= Duzl =Dzl (A1)

where we rescaled worldsheet coordinates to set kK = 1. We introduce a dynamical degree
of freedom u and rewrite the equations of motion as

COQS Y =Diz;D_z;+Dyz; D_z;, (A2)
O =D D_z+D_D. . (A.3)

We can derive some identities from z; z; = 1 and (2.4),

0=2 Dyz, (A4)
F+_ = —1 (D_,_ZZ D_ZZ' - D_,_ZZ' D_ZZ) . (A5)

By combining (A.5) with (A.2), we find

- 20F, - s — 20F _
D—l—ZiD—Zi:%y D_ziDjin:%, (A.6)

and (A.5) with (A.3),

4

DoD_z— — <cosu+ 22'F+_>

We differentiate the above equations to find identity relations. Derivative of (A.4) gives

1
— Z =z D_%_ZZ =Z; D%zz . (AS)

Derivative of Virasoro constraints (A.1) gives

0= Dizi D4z + Dizi D4z . (Ag)
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From (A.6), we obtain

- 20F, S — 21F, _
Dz D%z = 0. (%) . DiaDin—0, (f) . (A10)

and
4@ D? 2 = 0,0_ (cosu+ 2iF, ) + % (cosu+ 2iF, ) (cosu+ 6iFy_). (A.11)
We introduce another dynamical degrees of freedom Hy by
Hy=—i <@ Dyz — D2z m) , (A.12)

so that we have

Dizi Dz = —% He, (A.13)

where we used (A.9). It follows that
0+H_=—-0_Hy=F,_. (A.14)

Thus, Hy/2 coincides with the U(1) gauge field Ay satisfying Lorenz gauge condition
0%A, = 0. Let us introduce a new variable ¢ by

Hy =F0+0, 0+0_p=F,_. (A.15)

A.2 Reduction procedure

By using CPY ¢ CN*!| we expand the second-order covariant derivatives as'

N—+1
Diz:alz+a2D+z+a3D_z+ Zajvj,
j=4
N+1
D?*z2=biz+byD_z4+byD z+ Z b v’ (A.16)
j=4

where v/ are gauge-invariant basis vectors, satisfying orthonormal conditions
0=vz2=v"Dyz, 67k = gl ok, (A.17)

The coefficients a; and b; are determined by the equations (A.8) as

1
a1 =by = -1 (A.18)

The coefficients as, as are constrained by the equations (A.10) and (A.13) as

cosu — 20 F 1 az \ [ Oy (cosu—2iFy_) (A.19)
1 cosu + 20 F, az | 2001 ' '

BWe omit the subscript 4 from z; below.
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Constraints for be, b3 are given by

cosu + 20F 1 b\ [ O—(cosu+2iF, ) (A.20)
1 cosu — 2iF, by | —2i0_¢p ' '

If the 2 x 2 matrix in (A.19) is not degenerate, that is F,_ # *sin(u)/2, then this

equation is solved by
a9 _ 1 n —1 3+77 (A 21)
as m—1\-1 7 200, |’ '

where n = cosu + 2iF,_ and 7 = cosu — 20Fy_ . We can evaluate the left hand side
of (A.11) as

N+1
4D3_Zi D%Z, =4a1by + asbs + asbs + nasby + nasbs + 4 Z ajb;, (A.22)
j=4
_ . N+1
1 704nd-n—4An0ipd_p+2i(0-ndip+ 04n0_yp) _—
=+ K +4) ab;.
4 m—1 =

(A.23)

Suppose now that the 2x2 matrix in (A.19) is degenerate. We may set F'; _ = sin(u)/2,
by the flip of u +— —u if necessary. The equation (A.19) tells us

~ 0
a3 = — (a2 +i04u)e ", O+ = _%u , (A.24)
. U a*u
by = — (bg —i0_u)e™, O_p = ——5 - (A.25)
The condition (A.14) gives
0=—0,0_u— sinu=0>u—sinu, (A.26)

which is sine-Gordon equation.

For our reduction procedure to be consistent, the relation (A.11) must reduce to the
same sine-Gordon equation as (A.26). This can be checked by evaluating (A.22) by us-
ing (A.24) and (A.25). The result is

N+1
3 1 )
AD3 % D2z = = " Oyud_u+4 > ab;, (A.27)
j=4

which is independent of undetermined coefficients as and by . We will see later that the coef-
ficients a;,b; (j > 4) vanish in this case. Thus the second-order differential equation (A.11)
is equivalent to (A.26).
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A.3 CP! case

Recall that CP! is locally isomorphic to S?, and the Pohlmeyer reduction of Ry x S? sigma
model provides us the sine-Gordon equation. From this reasoning we can fix the normal-

ization of sine-Gordon coupling. We find
—cosu = 4|Dyz|?, (A.28)

where u(7, o) satisfies the sine-Gordon equation 92u — sinu = 0.

This equation has the same normalization as the one obtained for the degenerate
case (A.26). This result is expected. Since the tangent space of C? is two-dimensional, the
set of equations (A.19) must be overdetermined and the expansion (A.16) must contain a
redundant parameter. In fact, the degeneracy condition Fy_ = +sin(u)/2 is identically
satisfied on the CP' space.

A.4 Nondegenerate CP? case

Since the tangent space of C? is three-dimensional, we can set aj = b; =0 for j > 4
in (A.23). The differential equation (A.11) becomes

_104m0_n = 4ndsp0_p +2i(0-ndrp+0ind_p) 1= 2"+ _

—040-n 1 m 1 0. (A.29)
We redefine n = ¢ e72% and 7 = ( €*%, and rewrite this equation by using
—4id2p =n—7=Ce 2 — (e, (A.30)
" 52 ((9a€)* 1-¢¢ 2ip _
¢ + T -|-< 1 >e =0. (A.31)

All of the equations (A.30), (A.31), and the complex conjugate of (A.31), can be derived
from the Lagrangian
P SR i
1= 4
One can reproduce the sine-Gordon equation for CP! by setting ¢ = 1. This solves the
equation (A.31), and the constraint (A.30) gives

+ (Bap)*. (A.32)

1
0=0%p — 3 sin 2, (A.33)

which is (A.26) with u = —2¢. If we set ¢ = 0, that is ( = ¢ = cosu, the equa-
tion (A.31) becomes
(90 1-¢

= A.34
e =0, (A34)

which is again sine-Gordon, with the different normalization from (A.33).

3¢ +

If we define three real variables «, 3,y by
p

n=—cosae?, =73 ¢ =ne* = —cosa et (A.35)
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we can rewrite (A.32) as

L= (0,0)* +cot?> ady (v + 3) 0% (v + ) + % COS (L Cos 7y + i (8.8)%, (A.36)

which is the Lagrangian obtained in [83]. The explicit relation between sine-Gordon fields
a, 3,7 and CP? coordinates has been mentioned in [83], which agree with ours (A.6), (A.13)
up to y — v+ .

A.5 Degenerate CPV cases

We will show that the coefficients a;,b; (j > 4) always vanish in the degenerate case. Let
us expand the second-order covariant derivatives as
N+1
Dizi =a12;+ayDizi+asD_z; + Z a; UZQ) ,
j=4
N+1
D%Zi =byzi+byD_z; +b3 Dz + Z bj ’L)Z(j) , (A37)
j=4

where v ) satisfy the orthonormal conditions (A.17). We omit the indices i below.

By taking derivatives of (A.17) and using identities in section A.1l, we obtain
Dov) 2 =0,  #/DaDgz+ Dovi Dgz = 0. (A.38)

We can rewrite the coefficients a; and b; as

aj =0 D3z=—-DyviDyz, b; =/ D*2=—-D_viD_z. (A.39)
We also find 0ip
Divi Dez= /Dy Dez = (%) Wz =0. (A.40)
Let us expand the covariant derivatives of the basis vectors as
N+1 ‘
Dyv=riz+reDyz+r3D_z+ er@j,
j=4
N+1 '
D v=s12+s2D_z+s3Diz+ Z 5507 (A.A41)
j=4

The first equation of (A.38) shows r1 = s; = 0. The relations (A.39) and (A.40) give us

1 cosu + 21 F ro\ [ —ay (A.42)
cosu — 2t F 1 r3 ) 0 ' '

and similar equations for b; . When this 2 x 2 matrix is degenerate, that is when F_ =
+sin(u)/2, we obtain a; = b; = 0 for j > 4.

For the non-degenerate case, one can derive differential equations for a; and b; from
the compatibility condition (DyD_ — D_D,)v) = —iF,_v/. We do not discuss them
here because they look complicated. We just refer to [87], which studied the reduced
sine-Gordon type equations of AdS, x CP3.
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B On dressing SO(6)/U(3)

We will show that the dressing matrix of the SO(6)/U(3) model becomes trivial when the
spectral parameters are on the unit circle following [58, 59].
In the SO(6)/U(3) model, the minimum set of poles in the dressing matrix is
A1, 1/A1,A1,1/M1 when |A\;] # 1. We write the dressing matrix y and x ! as
@1 Qi Q1 Q;
A) =16+ + L —,
A R s WD W ) W was Wi e vy
R1 Ri Ri Ri

-1
A =1 _ §
X LR S VL Wy VLS W WL W ) e

(B.1)

(B.2)

where @); = XZ-F;r and R; = HZK;r Since y and x~! share the same pole, we have to
impose FiTHi = 0 and consider
Dii = —F 'O~ O H; + ficihi . (B.3)
There are three constraints imposed on ¥(\),

] =07, ] =00, gK v\ K = ¢(1/N), (B.4)

where g = ¢(0) and K is an antisymmetric involution defined in (2.22). The first, unitarity
constraint is solved by!'4
Fy=H;, Tuy=—(Tn'. (B.5)

The second, orthogonality constraint by
F=(K)", Iy =(Tr)". (B.6)
The third, inversion constraint by
F=gKF, Tu=-\Ts. (B.7)
Two conditions (B.5) and (B.6) shows
F'F=ffi=0, T}=-Tq. (B.8)
It follows that I';; = 0 when I';; is a rank-one matrix.
If [A\1| = 1, we have to solve F;" = gK F;, which is equivalent to f* = K f;. Since K is

a real antisymmetric matrix, the conditions f; = K f; means 0 = fZT Kfi=— f;r fi, namely
fi = 0. Therefore, the dressing matrix becomes trivial on the unit circle.'?

14)\7 = 5\1 and )\7: = 1/)\1 .

15Considering the fact that the overall normalization of f; is unimportant in the dressing method, it might
be possible to obtain a nontrivial profile in the limit |A1| — 1, if one can take such limit in a sophisticated
way.
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